Abstract-This paper and its companion are devoted to the evaluation of the impact of chaos-based techniques on communications systems with asynchronous code division multiple access. Sequences obtained by repeating a truncated and quantized chaotic time series are compared with classical m-sequences and Gold sequences by means of a performance index taken from communication theory which is here defined and thoroughly discussed. This analysis reveals that, unlike conventional sequences, chaotic spreading codes can be generated for any number of users and allocated bandwidth. Numerical simulations are reported, showing that systems based on chaotic spreading sequences perform generally better than the conventional ones. Some analytical tools easing the comprehension of these advantages are here summarized and proved in Part II where formal arguments are developed and discussed to ensure general applicability of chaotic spreading codes.
I. INTRODUCTION

I
N RECENT years there has been an increasing amount of interest in personal communications. Their ambitious aim is to guarantee, in every moment, a link between people or processing units, which should be, in principle, independent of the environment and of their positions, and which should also provide a certain inalienable degree of privacy. In order to realize this kind of service, the system must possess the ability to reach the user wherever it is located, forcing the adoption of a radio communication link. As a consequence, there has been a rising pressure on the implementation of highfrequency, low-power, low-voltage front-end circuitry; as well as an increasing demand for frequency bandwidth allocation, which results in driving the communication frequencies higher and higher.
Among the different strategies able to guarantee multiple access to the channel, increasing attention has been brought to spread spectrum techniques. Their main characteristic is the spreading of the information signal over a bandwidth much larger than the original, which is mainly determined by the spreading method and not by the transmitted information. Due to this spreading operation, the transmitted power density is low, resulting in a low intercept probability.
Many investigations on spread communications for wireless personal and computer networks have addressed code division multiple access (CDMA) systems with direct sequence (DS) approach, where all users transmit on the same band at the same time and are distinguished only by means of a code signature. These systems feature four merit factors, namely multipath robustness, potentially high system capacity in terms of users number, performance soft degradation and resource allocation easiness [1] , [2] . Multipath robustness is due to the auto-correlation spreading code properties, capacity is linked to the cross-correlation spreading code properties, performance soft degradation depends on the cochannel nature of the interference and easiness in resource allocation stems from code domain access that does not need time or frequency agreements.
Starting from Pecora and Carrol [3] observation about the possibility of synchronizing two chaotic systems in the so called drive-response configuration, increasing efforts have been devoted to exploit chaotic signals as broadband carriers. Since then, several chaos based communications schemes, using different modulation techniques, have been proposed [4] - [8] . The problem of designing compensation algorithms to obtain synchronization at the receiver side even in presence of channel attenuation has been addressed and solved [9] , [10] . The possibility of transmitting information between more than one receiver-transmitter pair, in analogy to what happens in standard CDMA systems, has been considered in [11] , where this goal is achieved by decoding the information using correlation techniques instead of synchronization.
Such chaotic systems present a potential advantage over conventional spread spectrum communication in the opportunity they provide to simultaneously coding and spreading the information signal. Nevertheless, to the best of the authors' knowledge, a deeper comparison with a real telecommunication environment is still missing.
The possibility of generating an infinite number of spreading sequences for a standard DS-CDMA system by means of chaotic time series is claimed, but not deeply investigated, in [12] , while in [13] some simulation based comparisons between Gold sequences [14] and those generated with chaotic time series are reported for synchronous DS-CDMA systems. In [15] , the problem is addressed for the much more difficult asynchronous case and numerical computations of even and odd-correlation functions are given for a specific map.
Aim of this paper is to evaluate the impact on a standard asynchronous DS-CDMA system of the adoption of complex multilevel spreading sequences generated by repeating truncated and quantized chaotic time series. The chaotic sequence generators we address are 1-D maps of the unit interval, whose properties are well known and whose use is already common even in the engineering framework [16] - [18] . The applicability and performance of these techniques, which are formally demonstrated in the second part of this work [19] , are verified by numerical simulations and compared with more common solutions.
The paper is organized as follows. In Section II, we review the model of the communication system and report the derivation of a performance index for general complex spreading sequences in the asynchronous environment. Moreover, the problem of synchronization between the received spreading sequences and that used for demodulation is also briefly addressed. Then, Section III provides a brief overview of some classical spreading sequences along with a discussion of their main characteristics and limitations. In Section IV, we recall some general analytic bounds on the expected cross-correlation functions, which are developed and formally proved in Part II, and which enter the evaluation of the communication system performance (Theorems common to Part I and Part II are characterized by Roman numeration). At the end of this section, we note that chaotic maps generate well-behaved spreading sequences, and that a system performance lower-bound can be estimated depending only on two characteristic quantities. In Section V, we summarize some results from piecewise-affine Markov maps theory which allow to compute those quantities in some interesting cases characterizing the corresponding chaos generators. Section VI presents a comparison between the performance of chaotic spreading sequences and the classical ones, showing some 
II. DS-CDMA SYSTEMS WITH COMPLEX SPREADING SEQUENCES
The asynchronous environment is particularly suitable to describe the links from mobile transmitters to a fixed base station in a cellular system. In this case, even if each receiver is synchronized with the signal it has to decode, the absolute delay and the corresponding carrier phase must be assumed to vary randomly from user to user, i.e., from interferer to interferer. Hence, cochannel interference is always asynchronous with respect to the information stream. Fig. 1 reports the baseband equivalent scheme of a DS-CDMA system in which the carrier is common, users are supposed and and indicate, respectively, the absolute delay and carrier phase of the th user signal. In Fig. 2 we show the structure of the passband quadrature-modulator working at the common pulsation which is needed to turn the baseband-scheme into a real communication system. where is the imaginary unit and a quadrature modulator with a carrier phase is employed. Each user adopts a different spreading code, assigned at the connection start-up, and the channel introduces a randomly variable delay due to electro-magnetic propagation and to the different sequence starting points. We assume that the th user is the useful one and define the relative delays and the relative phases at the receiver.
With this, the contribution of the th user to the signal produced by the integrate-and-dump block of the th user receiver (see Fig. 1 ) is given by
Re
(1) where signifies complex conjugancy, 0 and can realistically be thought as a random variable uniformly distributed in . Since, in real cellular communication systems the performance is mainly limited by cochannel interference, it is common in the study of DS-CDMA systems to neglect the additive white Gaussian noise contribution [2] . With this, two terms have to be evaluated to estimate the system performance. To this aim, define the partial cross-correlation function between the two spreading sequences and as for for if (2) Following the classical approach [20] we will assume that spreading sequences are periodic of a period equal to the spreading factor . We may now write the useful signal component (3) and the interfering signal component Re Re
Re where the normalized delay has been split into an integer part and a fractional part . The system performance can be computed starting from and . To this end, let us generalize the approach in [20] to the case of complex sequences [21] and note that the interference term is a sum of zero mean independent random variables. Hence, it can be identified with a zero-mean Gaussian random variable with variance Re where the expectation is taken over the phases , the delays and over the information symbols , which are generated by stationary information sources, and assuming that and occur with equiprobability and that is uniformly distributed between and . The signal-to-interference ratio for the th user receiving the th symbol is proportional to . Yet, in (3) leads to so that the th link performance, in terms of mean bit error probability, results erfc .
With this we may develop a general merit factor averaging on all the possible useful users and defining erfc whose analytical handling is difficult due to the non linearity of the erfc function.
A common workaround to this analytical difficulty is to use the Gaussian approximation which considers the spreading codes values as random variables (see [20] and [22] for a deeper analysis of this approximation) to simplify the above expression in erfc where has been assumed independent of , and where, a power control mechanism is assumed to equalize the received amplitudes so to achieve balanced (i.e., independent of the chosen th user) performance.
It is useful to note that, under the above hypotheses and assuming that the averaging operation over the set of sequences can be identified with the corresponding expectation, we also have Re Re Re so that we may eventually write erfc (4) where the quantity Re (5) assumes, in term of signal power, the significance of an expected interference-to-signal ratio per interfering user. This is the expected degradation in system performance when a new user is added. A communication system can be intuitively considered well-behaving when the cost in performance of adding a user is constant and decreases proportionally whenever more bandwidth is allocated. Actually, this behavior can be achieved assuming const and using random spreading sequences in which zero-average symbols are produced independently one from the other. In fact, from (2) we get that Yet, if the spreading symbols are independent, the inner expectation is nonnull only if so that const. With the same arguments we may also show that while const. With this, a simple substitution in (5) leads to , which corresponds to the intuitive concept of good performance discussed above. It is finally interesting to observe that the choice const implies that each transmitted signal features a constant complex envelope, thus guaranteeing proper operation of the power amplifiers at the transmitter, which can be nonlinear.
From the above discussion we finally get that a reasonable choice for the performance index of an asynchronous DS-CDMA system is the ratio between the expected interferenceto-signal ratio per interfering user for random sequences (which is therefore assumed as a reference interference level) and the achieved value of , i.e., (6) As is an interference measure, the greater the the better the system performance.
Once that cochannel interference is characterized we may address the problem of how to achieve synchronization between the received spreading sequences and that used for demodulation. This problem is, in general, quite difficult as it implies joint synchronization between carrier phases, spreading sequence timing, and spreading sequence integer shift [23] .
Since the choice of different sets of spreading sequences mainly affects the last aspect we here briefly discuss the factors characterizing the performance of most of the proposed methods for its solution [2] .
The simplest conceivable method is to serially test the absolute value of the output of the integrate-and-dump stage against a suitable threshold for every possible integer shift of the local spreading sequence. Whenever an underthreshold value is produced the subsequent shift is tried, while synchronization is claimed when the integrate-anddump output remains above threshold for a certain number of samples.
Following [2] , [23] , the expected synchronization time depends on the probability Pr which accounts for the chance of obtaining an above-threshold value when synchronized, and on the average probability Pr which accounts for the probability of obtaining an abovethreshold value when not synchronized, if is the contribution of the th stream when a shift between the incoming and demodulating sequences is present.
Although , depends on and on the random variable (which is assumed to be Gaussian) it can be easily computed. On the contrary, the evaluation of is more complicated since the expect value over all the possible nonvanishing integer shifts must be considered. To do so, one has to develop (1) for and get
Re which is a discrete random variable depending on and on the spreading sequence and whose mass distribution has to be combined with the Gaussian cochannel interference to evaluate . It can be intuitively accepted that the less probable the high values of the greater the margin for correct decision once that cochannel interference is considered.
III. -SEQUENCES AND GOLD SEQUENCES
We get from (5) that the choice of a proper set of spreading sequences is a central issue in designing a DS-CDMA communication system. Actually, this has been a hot research topic since the introduction of spread spectrum techniques. Among the many proposals, one of the most studied options are the maximum-length sequences over Galois Fields.
Binary maximum length sequences have been introduced early in the history of DS-CDMA and, more recently, a lot of investigations tackled the problem of extending binary sequence to multilevel sequences [24] in order to investigate faster sequence acquisition [23] and better multiray performance [25] , [26] .
It is known that the quotient ring of integers modulo is a field if and only if is prime [28] . For a prime what we obtain is called a Galois Field and can be extended to introducing modulo-prime polynomials. Maximum length sequences, usually referred to assequences, can be generated in combining symbols in and using an -stage shift register with adegree primitive polynomial as characteristic feedback. Such sequences can always be constructed as at least one -degree primitive polynomial exists in for any prime integer and for any integer [28] . Maximum length sequences are periodic with period and their number is given by [29] , where is the Euler's totient function, i.e., the number of integers less than its argument which are relatively prime with it.
The function which maps multilevel -sequences over a complex symbol constellation, is usually taken to bring each of the symbols over one of the th complex roots of 1. In this case, for any we may indicate with the modulo-sum and have so that an isomorphism is created between and . As number-theory arguments can be applied to guarantee proper cross-correlation properties to -sequences in [29] , this isomorphism translates such properties in maximizing the system performance.
Maximum length sequences work well in practice as it can be proved that if then , i.e., -sequences behave like if they were perfectly random. Nevertheless, for any assigned (and thus for any assigned bandwidth) only a limited number of users can be allocated with the same theoretical performance. In fact, from the properties recalled above we have . Gold sequences get around this problem as they maintain good correlation properties even if their number is greatly increased. To generate Gold sequences a couple of -sequences must be selected according to a specific criteria [14] , [27] . The two elements of this preferred pair are then added shifting one of them for all the possible integer shifts. Hence, instead of sequences are provided. Let us finally note that, though good auto-and crosscorrelation properties can be guaranteed, -sequences and Gold sequences provide limited security as they can be identified with a number of samples which is much less than their actual length by means of linear regression models [1, ch. 5].
IV. SEQUENCES GENERATION WITH ITERATED CHAOTIC MAPS By means of a proper function
we may generate a spreading sequence starting from a time series in any domain . To exploit chaotic systems we now set and take a function to construct the periodic time series such that for any integer and for while is taken to be a random variable distributed according to a nonpathological probability density [19] . It can intuitively be accepted that, for nondegenerate functions , the statistical properties of the spreading sequence depend on the statistical features of the time series . Actually, such features can be studied by using techniques from nonlinear dynamical system theory and this is the topic of Part II. Recalling few definitions and notations is here enough to state and exploit those results to our purpose. Namely, let be the th iterate of . We say that is the invariant density of if, whenever is drawn according to then also is distributed according to the same density. The expected value of the spreading symbols with respect to the invariant density is indicated by . With this we may state some useful average results on the expected value and which enter the analytical estimation of the system performance.
Such results are referred to a quite intuitive kind of mapping . Namely, we will assume that consecutive intervals with disjoint interiors exist covering the whole such that implies . We will indicate such mapping as quantizations. The Theorems that follow are more formally restated and proved in [19] . We may now state the main theorem bounding the expected interference-to-signal ratio per interfering user .
Theorem III: If is a quantization and const, then the expected interference-to-signal ratio per interfering user asymptotically decreases at least as , as two constants and exist depending on the constants and of the previous Theorems, such that We shall remark the significance of the structure of the two constants in Theorem III. In fact, we always have so that the bound cannot guarantee optimum performance [ ] for all the maps. This dependence on the map is obviously hidden beneath and the latter playing a key role only in . Actually, both and decrease when and decrease. To show the relative influence of the two parameters on the estimation of the system performance we report in Fig. 3 the lower bound on that can be easily derived from Theorem III depending on in the range [0, 1.5] for 0.05, 0.1, 0.2, 0.3, 0.4, 0.5 and for the limit value . Finally, it is interesting to note that from Theorems I and II we get the limit behavior of the cross-correlation function between two spreading sequences.
Theorem I: Let . For almost any , with and for any IN Proof: From the Chebyshev inequality [30] and from the linearity of the statistical expectation we know that for any Pr Yet, is bounded by a constant while is bounded by a constant times . Hence, Pr vanishes when grows to infinity for any . Thus, almost every two sequences generated by an exact maps are asymptotically orthogonal. This result could be also derived from the Birkoff Ergodic Theorem and is often cited as a theoretical background for the adoption of chaotic time-series as spreading sequences. 
V. PIECEWISE-AFFINE MARKOV MAPS
Assume that points 0 exist defining the intervals for such that the restriction of to any is an affine function, i.e., a first degree polynomial in . A map with that property is said to be a Piece-Wise Affine Markov (PWAM) map if the intervals are such that for any couple of indices and , either or . The regularity of their structure makes the PWAM maps some of the most thoroughly investigated chaos generators and many results exist on their statistical features. Relying on those results, few novel properties can be derived to analyze the applicability of such generators to DS-CDMA systems [19] . In particular, we here consider two kinds of PWAM maps: the -way Bernoulli shifts and the -way tailed shifts. An -way Bernoulli shift is the generalization of one of the simplest chaotic maps (which in our terms would be named two-way Bernoulli shift). It is a PWAM map defined by intervals and such that for any . It can be shown [19] that with these assumptions . Fig. 4 depicts a three-way Bernoulli shift.
A cardinal property of -way Bernoulli shifts is that when they are associated with particular quantizations the bounds on can be drastically improved. In fact, let contain the th complex roots of 1, and assume that intervals of the quantization are . The following Theorem holds: A -way tailed shift is a PWAM map defined by the intervals and such that for while . It can be shown [19] that under these assumptions . Fig. 5 depicts a four-way tailed shift.
Whenever the previously defined quantization into the set of the th root of 1 is adopted, -way tailed shifts obey the bound in Theorem III with a particularly small . In fact the following Theorem holds. With this result we may evaluate and in Theorem III to discover that , with an vanishing when increases. Hence, also tailed shifts may behave not worse than purely random sequences with independent symbols.
VI. NUMERICAL RESULTS
In this section, we report the numerical evaluation of the system performance when classical and chaos-based spreading sequences are employed.
First, we consider the case of a system with a maximum number of users 30 and a fixed spreading factor 70. When classical -sequences are adopted, the first problem one has to deal with is the choice of the shift register length . A first possibility, is the selection of the minimum such that and . The corresponding sequences are then truncated to symbols and assigned to the users. If this is the case, whenever the unpredictable behavior of the communication load changes the number of users to an increase in is needed. Regrettably, this procedure implies a change in the sequence generators of all the users inducing a potentially long outage of all the active links for system reconfiguration and resynchronization. Moreover, triggering and controlling this process requires a dedicated signaling stream which increases the overall system complexity. An alternative approach avoiding these drawbacks consists in choosing such that and assigning the truncated version of one of the available sequences to each incoming user. In the following we will consider this second approach assuming to use -sequences generated by shift registers of length for , and for . In all these cases the maximum number of allowed users is 48. To satisfy the same constraints Gold sequences with for and for have been generated.
As far as the chaos-based spreading sequences are concerned, we follow the results in Theorem IV and adopt -way Bernoulli shifts and -way tailed shifts with a multiple of . As many as there are users are randomly drawn according to the invariant probability density which is common to the two maps.
In all cases the function is such that contains the th complex roots of 1.
In Figs. 6-9, we report the numerical evaluation of the ratio between the reference expected interference-to-signal ratio per interfering user and the average measured interference-to-signal ratio per interfering user Re namely, a particular value of system performance which is random in nature and whose expected value is .
Consider first the -way Bernoulli shifts used to evaluate in four particular cases for (Fig. 6 ), 3 ( Fig. 7) , 4 ( Fig. 8) and 5 ( Fig. 9 ). It can be easily noted that, in all cases, actual performance conforms to the bound on the expected performance which is fixed by Theorems III and IV at 1. Interestingly enough, well-performing chaotic spreading sequences exist even for 4, when is not a field and therefore no -sequences can be generated.
Actually, also the tailed shifts feature very good performance when Theorem V bounds and below very small values (i.e., for 99) implying a lower-bound on the expected performance index which is very close to 1 (namely 0.970). In some cases Theorem V does not guarantee this (for 10 we only know that 0.732) and quite various behaviors are observed. In Figs. 6 and 7 sometimes exceptionally good performance is measured for and 10 and 3 and 9, while in Figs. 8 and 9 the performance is quite poor.
An even poorer performance would be obtained with a twoway tailed shift and 2. In that case only two kinds of sequences could be generated, namely for . Trivial computations show that, in this case evaluates to so that which is asymptotically independent of . This unfavorable behavior is different from the one that Theorem III guarantees for exact maps. Actually, this is due to the fact that a two-way tailed shift is not ergodic and thus neither exact nor mixing.
Next we compare the performance of -way Bernoulli-shifts with that of -sequences and Gold sequences. In Fig. 10 , we do it for varying from 2 to , while, in Fig. 11 , is fixed to 10 and sweeps from 20 to 130. Though higher gains seem to localize in low zone (in Fig. 10 ) and low zone (in Fig. 11 ), in both cases chaotic-based spreading achieves better performance almost everywhere.
As a final comparison, consider Fig. 12 in which, given a bandwidth 70, we report how many users are allowed keeping a certain quality level . In particular, results for a two-way Bernouli shift, for a 100-way tailed shift and for the especially well performing 10-way tailed shift are compared with -sequences and Gold sequences for . Error probability is reported considering an additive Gaussian noise contribution in the channel with a signal-to-noise ratio 30 dB. With this the expression becomes erfc Notice that for a commonly adopted level of quality the number of allowed users increase from 23 for -sequences and Gold sequences to 24 and 25 for two-way Bernouli and 100-way tailed shifts up to 26 for the 10-way tailed shift.
To show the possibility of achieving synchronization when chaos-based spreading sequences are adopted we report in Figs. 13 and 14 the mass distribution for a two-way and a five-way Bernouli shift and a 10-way and 1000-way tailed shift with, respectively, 2 and 5. The absence of significantly probable values of above 25 ensure the possibility of synchronizing the receiver with the incoming stream if a suitable threshold is adopted.
VII. CONCLUSION
The paper deals with the performance analysis of chaosbased techniques when they are applied to DS-CDMA communication systems which are particularly suitable to provide up-links from mobile-transmitters in a cellular environment. This analysis relies on a performance index whose derivation and discussion are the topic of the most formal sections. Such an index defines the dependence of the cochannel interference on the set of periodic spreading sequences and allows to estimate a priori the performance of the system once that they are given. A key point in this derivation is the asynchronous nature of the cochannel interference which mixes cross-correlation contributions into a random noise-like disturbance. Thus, the correlation properties of the spreading sequences enter the definition of the statistical properties of the interference. A similar dependence on the correlation properties of the spreading sequences, affects the statistical features involved in the synchronization of each receiver with the information stream it has to decode.
Sequences obtained quantizing and periodically repeating portions of chaotic time series can be shown [19] to have the right correlation properties to results in well behaving communications systems as they can be expected to behave like purely random codes.
Thus, chaotic spreading sequences are compared with two of the most common conventional techniques for the design of spreading sequences: -sequences and Gold sequences.
An overall evaluation of the impact of chaos-based spreading sequences on DS-CDMA, comprehending also numerical simulations of a communication systems with up to 30 users, shows that the achievable performance is almost everywhere increased. Moreover, no impairing limitation depending on the number of users and on required spreading factor applies to the chaos-based mechanism for sequence generation.
A numerical evaluation of the main feature affecting the synchronization process is also carried out showing that the measurable advantages in terms of cochannel interference and link quality do not result in a penalty when trying to establish that link.
Many problems remain still open for further investigation. They concern the evaluation of a chaos-based CDMA system with respect to typical phenomena present in a real com-munication environment other than asynchronous cochannel interference. Namely, a deeper comprehension of the effect of multipath interference on chaotic spread signals as well as of the effectiveness of classical sequence acquisition schemes, is still needed.
Once that this analysis can be completed, and criteria defining well-behaving sequences can be defined, a systematic approach to the determination of an optimal set of spreading sequences has to be devised. By that time, theoretical tools deeper that the one discussed in [19] will hopefully be available to drive the exploitation of the degrees of freedom that chaotic sequence generation leaves to the communication system designer, i.e., the structure of the iterated map , the set of its initial condition , the number of quantization level (which need not to be prime) and the complex quantization .
